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@ Introduction
© Non linearity in u
© Non linearity in Du

@ Towards full non linear equations



Introduction

Resolution in high dimension (10-100) of

(=0 — Lu)(t,z) = f(t,x,u(t,x), Du(t, x)),
ur = g, (1)

where
1
Lu(t,z) := pDu(t,x) + 500T : D%u(t, x), (2)

Parameters u, o may be time and space dependent.
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Recent bibliography

@ Deterministic, dimension 3 or 4 for z : based on grids ,

e Classic BSDE with Monte Carlo [13], [9]: dimension till 6 or 7.
Based on grids or basis functions for regressions;

@ Recent Deep Learning techniques [6], [5] : numerical results in
dimension over 100. No proof of convergence. Limitation not
understood. Based on forward simulation of BSDE discretized
with an Euler scheme.

e Branching techniques

o for polynomial drivers [11] :dimension over 100, but restriction on
maturity and non linearity size. Variance explodes rapidly,

o General drivers [2], [1], no real restriction on maturity but grids
needed : limited in dimension 4 or 5.

e In [8], [7], [12], algorithm based on Picard iterations, multi-level
techniques and automatic differentiation
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Challenge

How to solve such equation in dimension over than 10 , 100 ?

@ No grids,

@ No basis functions

Use pure Monte carlo.



Non linearity in u

(=0 — Lu)(t,x) = f(t,z,u(t,x)),
ur =g, (3)

where
1
Lu(t,z) := pDu(t,x) + 500T : D%u(t, x), (4)
so that L is the generator associated to

X, =z + pt + odWs, (5)
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Idea of the algorithm : Time discretization of the

SDE using Poisson process.

Same as branching method: i.i.d. _Tm)m21 density p exponential law
with parameter A\, CDF : FF' =1 — F.

oo =0 (6)
Tpr1 = (1};+-Tk)/\71

(W{™)m>1, independent of (7,)m>1.
o Wy =W} forte[0,T],
o Wy := Wy, + W/, forall t € [T), Thia).
o Xop==x
o Xy = X +pult—Ti) + oWy t € [T, Thra], Tas.,
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Idea of the algorithm : Use Feynman Kac

Same as branching method:

u(0,2) =Eo.0 [g(X7) + /O " Xt X,))di]

[— g(XT) T f(t,Xt,’UJ(t,Xt))
. [P+ | 50

:Eo,x :gb(o, Tl, XTl, U(Tla XTl ))] )

p(t)dt}

_ _Nen L<ry
Qb(S,t,y,Z) T F(T . s)g(y)+p(t . S)f(tayv Z)
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Idea of the algorithm : Use nesting

Recursively noting u,, = u(T},, X1, ) :
Un :ETn,XTn [¢(Tn7 Tn—|—17 XTn+1 ) un—l—l)] ) (7)
Truncated operator after p switches :

ub =g(XT,),
ub =Er, xp (&(Tn, Ty, X1y uh 1 4)], n<p, defined if T, < T

(8)
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@ f is uniformly Lipschitz in v with constant K :

f(t 2, y) — ft,z,w)|] < Kly —w| VteRT zeRY (w,y) € R%

(9)
@ f is uniformly Lipschitz in .
o Solution u € C*2([0,T] x RY)
o u is O-Holder with 6 € (0,1] in time with constant K :
u(t, z) — u(f,z)| < K|t — |’ W(t,f,x) € [0,T] x [0,T] x RY,

o u(t,x) has a quadratic growth in x uniformly in ¢,

10/ 55



e (No,..,Ny_1) € N’ number of particles at each level

e Set of all particles till switch ¢ : Q; = {k = (k1,...,k;)} for
i €{1,..,p} where k; € [1, N;_1].

@ Successors of £ :

Q(k):{l (klv'v iy 1T )/m€{17°aN}}CQ’L+1
Switching dates

T(j) = T3) NT, g € {1,.,N0} ) 3 (10)
T];: (Tk, + 7']%) NT, k= (kl, k@) € Qi ke Q(k)

SDE

X = X0+ pt+ oW, 1 €0, Ty)i=1,N

XF = Xé‘ik + u(t —Ty) + an_Tk, for k € Q(k), te€ [Ty, T;], T-as.,
(11)
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- 1 «—N () -
W= Sieou ¢ T Xk i),

for k = (k1,..ki) € Qi1 <i<pTp<T,
ub = g(Xé‘ié) for k € Q,.
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Convergence

Under previous assumptions

p 2p AT
8 (K-Pe ~o TP
E((uh — u(0,2))%) < 1+ TPRK2 ~—
p—1 21 1 i AT
K 8 . T'e
(1—|— ) ki
im0 Vi o Nj—1" A
with
4T 1i~0
;= (——— sup E(f(t, Xe,u(t, X;)?) + 2E(g(X71)?) (==
K ()‘(Z_Fl)'te[%%] (f( t U’( t)) ) (g( T) )(ZF(Z)

and T'(s) = [s° t5 e~ dt is the gamma function.




Numerical results for first non linear case y? dim 100

o I'=1,T =2,
@ U= %O]Id, o= %Id with pug = 0.2, og = 1.
o g(w) = cos({ ;)

2
f(t,x,u) =cos Z:cz e(T- t)—l—sm Zx ,uoea(T t_
1=1

r COS(Z xi)ze2“(T_t) -+ r(—e“(T_t) V(u A e“(T_t)))2
i=1

with a = 0.1, r = 0.1.
o u(t,z) = e®TYeos(N4 | ;).
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/ —— Nbswitch = 1
100 / ~=- Nbswitch = 2

A=0.8.

Figure 1: Convergence for different number of switches for case 1, T' =1,
No = 1000 x 2 Part anq N, = 50 x 2 part
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Figure 2: Convergence for different number of switches for case 1, T' = 2,
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CVA test case [10] Dim 6

2
g
o u=—=31y 0=o0ly,

f(t,CL',’U/) — B(U_'_ o u)7
B =0.03,00=0.2.

OX():]Id.

° g(x) = g:l(l — 21emi>1)
o T'=1.

Reference deep learning primal and dual : lower bound 48.80, upper
bound 48.83, value BS 47.73.
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Figure 3: Convergence of the

@ A = 0.1 3 switches and ipart = 8 we get 0.4880,

@ A =0.2 we get 0.4882.
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BS default dim 100 risk [6]

o 1= (uo —70)]Id, o = ooly.
o g(z) = min;% (e™),
°

h
ft,z,u) = ((1 —9) m1n{7 ,max{’y , h—(u — ’Uh) + ’yh}} + R)

o T=1,6=2%, po=0.02, o9 =0.2, v" =50, v! =70, v" = 0.2,
= 0.02.
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Results Jentzen case

A=0.2. A=04. A=0.8.

Figure 4: Convergence of the scheme on the Black Scholes case with default
Ny = 36000 x 2 Part  pnr — 40 x g part  n;, — o ipart

A good accuracy 57.28 is achieved with two switches taking
Np = 1152000, N1 = 4480 in 26 seconds (224 cores) with A = 0.2.
Reference seems to be 57.30 according [6].
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Non linearity in Du

(=0 — Lu)(t,x) = f(t, x, Du(t,x)),
ur =g, t<T, zeR% (13)

Assumptions:

@ o0 non degenerated matrix,
e f uniformly Lipschitz in x and in y:

f(t2,y) = ft 2, w)] < Klly —wlle, VE € [0,T],2 € RY, (w,y) € R x R™.
(14)
o u € CL2([0,T] x RY),
o Du is f-Holder in time with 6 € (0,1] :
|Du(t, z) — Du(t,z)|| < K|t — % V(¢ ) e[0,T] x [0,T] x R?,

o u(t,x) and Du(t,z) have a quadratic growth in = uniformly in ¢.
@ g Lipschitz

9(2) —g(y)| < Kllz —yll2 V(z,y) € R x R,
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(Tm)m>1 with gamma distribution 0 < u < 1, p(z) = )\“:c“_l%_(zgj. Same

as before

w(0, ) =Eq.» [F(T)

g(W ) T f(t,Xt,Du(t,Xt))
R th w0

:EO,SE [&(07T17XT17Du(TlaXT1))]7 (15)

with §(s, t, 7, 2) 1= £ g(x) + 6= f(t,x, 2).

Define Du(T1, X1,) using the automatic differentiation rule :

-T WT2 - WTl

(,b(Tla 1>, XT17XT27 DU(T27 XT2))]7
Ty — T4

(16)

DU(T17XT1) — ETLXTl [U

) 1oy 1y
with ¢(s,t,x,y, z) == %(g(y) —g(x))+ p{(ti)} f(t,y,2).

22 /55



A first estimator

1 Mo ( )
No Zj:ol qb(oa T(j)a X j D'UJ(J)) )
1k
_ -T T =T
for k£ = (kl, ko, kz) € Qi1 <p,

Dg(X%}) for k € Q,
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Convergence

Under previous assumptions

P
8 r(uw)Pe T  Tl—w)p+1+26 —1 52,2
E((a? — (0, 2<1_‘[1 C(o)P K2 K?P
((“(B u(0, 7)) ) S N R s VI TR vy R A *
=1

p—1

K21 ’ 8 F(u)i—l—le)\T T(1—w)(E+1)+1 o
42 H(1 4= C(o)' F+
N;
g=1

Nj_l) Aitl (1 —uw)i(2 —u)

1=0
p—1 G ) . _ . ~
K% 8  D(uw)'tlerT  rl-witl Gy 0, T)C(0) "1 K2
2 E H(l + ) _ _ +
N; Nj_1 At (1—w)i=1(2 —wu) T(u) —v(u,AT)
=1 g=lil
2 r
W __pxr)?)

No T'(u) — v(u, AT)

where

A 1
F= sup E[f(t, X¢, Du(t, X)) 2,
te[0,T]

24 / 55



Original particle and “antithetic” by example : d = 1,

=0, c =1, the brownian case.

Let us consider the original particle k = (k1, k2, k3) such that T(y, ry k) =T

(k1) _ypr(k1)
T(kq) Tky)’
(k1,k2,k3) __13-(k1)
X =W,
T Tky)
(k_7k25k3) . ¥ (k} )
Xt = — WT(; )

x (k1.ky k3) _yr(k1)
T(ky)

@ for f regular f(X(Tkl’kQ’kg’)) — f(Xp

7)) _ )

T(ky) T(ke)
(k1,k2) 17 (k1,k2,k3)
T(kq.k2) =T (k1) T=T(ky ko)
r(k1,k2) r(k1,k2,k3)
Ty ko) ~T(ky) T—T(kq, ko)
(k1,k2) W(k17k27k3)
T(kq.k2) = T(ky) T=T(ky ko)
(k1,k2) s (k1,k2,k3)
T(kq ko) = T(ky) T=T(kq ko)

(ki ,k2,k3)
LN = O(/Tiry))

@ Notation antithetic (k1,k2)™ = (k1,k; ), (k] ,k2)™ = (k] , k5 ),

@ Notation original particle o((k1, ks , ks ) = (k1, k2, k3).

25 / 55



A second framework : general notations

o Q7 = {(k1),(k{)} where k; € {1,.., N1},
e To a particle (k1) € Q1 associate an antithetic particle noted k7 .
e The set )Y defined by recurrence :

2o = {(k1, o kiskign)/ (ks oo ki) € Q9 kia € {1, Niy1, 17, ., Ny 1)
o k= (ky,..,k;) € QY its original particle o(k) = (ki, ..k;) where
k:j:lifkj:lorl_
o when k = (k1,--- ,k;) is such that k; e N, k™ 1= (k1,--- ,ki—1, k; ).

e By convention Ty = Ty, Tk = To(x) and Wk = Wto(k). For
k= (ki,..., ki) € Q) we introduce the set
o Q°(k) = {l = (k1. kim)/m € {1,..Ni}} € Q%4
e and Qo(k) = {l = (k‘l, ,kl,m)/m c {1, IV, 17, 7Nz_}} C Q(i)—I—l
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SDE scheme

k= (k... ki) e Q?and k = (ki, .., ki, kiz1) € Q°(k) we define the
following trajectories :

WE =W+ LW — 1 B and (17)
Xf ::at—l—us—l—JWf, Vs € [Ty, T7). (18)
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Add some assumptions

e Du is uniformly Lipschitz in « such that for K > 0:
IDu(t,z) — Dut, y)lls < Kllz — ylla V(t,z,y) € [0,T] x RY x R,
@ f is uniformly Lipschitz in x :

F(te,2) = f(ty,2) <Kl —ylla, V(t2,9.2) € [0,T] x R x RY x R
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( w = LN (qg(o’T(j)’X%)) al,) )+ (0.7, X(T<)> bug,)- ))>
0 — No J=1 ~ 2 A -

€
for k = (kq, .. )EQ z<p,

7 p
where
A 1 1
o B(s,t,7,2) = HELLg(a)+ HED (1, 7, 2).
_ welk)
Tk T Tp-Tg
o W¥=o¢o T,;k—Tk
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Convergence

Under previous assumptions:

C(o)P LR2K2P 4

D
W @, @) P 8 )P T TA-—w)p+1+26
E(( 0 (0,z)) ) < H(1+ ] ) \P (1_u)p_1(2—u)

p—1 [

K2z ~ ) B B ) 1F(u)i+16AT T(l—u)i+3—u
1 C(o,K,K,K)C(co)"™ - .
E ( +'A9_1) (o K)C(o) i (2__u)20>_101_1*-
=1
p—1
K2% A ) I"{Zl—\(u)i—i—le)\T ~ p(1—u)i+1
E I(l i= - C(o) : 1—|—
2N; | At (T(uw) — v(u, AT)) (2—u)(1 —wu)'—
=1 j=1
4 T(u) T2=% 2 I'(u
2 T ar 2 ) pexr)?) (9
Ng A 2 —u No I'(u) — v(u, AT)

Using two switches, the use of an exponential law is possible.
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Numerical results on a Biirgers case [5], [3]

The explicit solution given by [5] is

et"'é 2521 Li
1+ et—i_é Z?:l Li .
Solution estimated by the two estimators by

ipart 0 tpart
N7 = N x 277977,

u(t,x) =
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Biirgers, estimator 1 , reference 0.5,

(NO, N9, N9, N9) = (1000, 40, 40, 30)

070 — ——————— Nbswith=1 - Nbswitth=1
=~ Nbswitch=2 s -=- Nbswitch =2
0.65 —:= Nbswitch =3 - —:= Nbswitch =3
S e ____.— Nbswitch=4 — Nbswitch=4
T =~ Reference 0.70 ~~- Reference
060 s
055 e J— 065
F T T ]
% 050 ~ os0
045 0.55 /,//
0.40 -7
050
035 V/
00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
part ipart

Biirgers case: convergence in dimension 10 using a gamma law with v = 0.8

07] “=—e___ 0751 — Nb switch = —_
e ———— -—- Nbswitch=2_____ -
6] =7 Sy e —-= Nb switch =3 T
———— 0709 - b switch = 4
05 -~ Reference .
065 - T
04 -
s 3 e 7
%03 g os0y —~
02 0ss{
— Nbswitch =1 N
01 -~ Nbswitch=2 .
—- Nbswitch=3 050 hY S
00 — Nbswitch=4 N
--- Reference N
00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
ipart ipart

A=0.1 A=0.2

Biirgers case: convergence with estimator 1 in dimension 20 using a gamma law with v = 0.8.
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Biirgers estimator 1, time for 224 cores

In dimension 10 and 20, we obtain very good results with 4 switches
and part = 4,

e getting in dimension 10 a value 0.496 for A = 0.1 in 80 seconds and
0.4910 for A = 0.2 in 1000 seconds,

e getting in dimension 20 a value 0.501 for A = 0.1 in 350 seconds
and 0.5006 for A = 0.2 in 1400 seconds.
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Biirgers : estimator 2, reference 0.5, gamma law,

(NO, N9, N9, N9) = (1000, 40, 40, 30)

00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
ipart ipart

A=0.1. A=0.2.

Biirgers case: convergence with estimator 2 in dimension 20 with a gamma law with v = 0.9.
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Estimator 2 and exponential law,

(N, N?, N3, N9) = (1000, 40, 40, 4), time for 224 cores

A=0.1. A=0.2.

Birgers case: convergence with estimator 2 in dimension 20 with an exponential law, time for 224 cores

With 4 switches, ipart = 3 we get very good results :
@ Solution 0.499, computational time 14 seconds with A = 0.1,

@ Solution 0.506 , computational time 55 seconds with A = 0.2.

The variance using exponential laws seems to be lower and generation of an

exponential law takes far less time than with general gamma laws.
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A HJB case in dimension 100 [5],[6], [4]

o
n=0, o=+2I;, T=1,
ft, @, z) = —0]|2|]3,
o
u(t, z) = —% log (E[e—09(+VIWr_ ) (20)
o
o(a) = tog( L2l

@ solution searched for t = 0, x = 011,.
@ References 4.59 with 6 = 1, 4.49 with # = 10, and 4.36 with 8 = 20
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Results with estimator 1 (N, N7, N3) = (1000, 20, 20)

HJB convergence case for § = 1 and estimator 1 using a gamma law with v = 0.8.

Very slow convergence with this non linearity. Estimator 1 too costly
for 6 = 10, 6 = 20.
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Estimator 2 , gamma law , § = 1,

(N9, N9, N9) = (1000, 10, 1)

5.2 4
,,,,, - v
=R e == El
—————————— - g
/s
. 4.6 ——— —
44 % =
-
e
-
.. ~ —— Nbswitch =1 - —— Nbswitch =1
N v ——- Nb switch = P ——- Nb switch = 2
g e — -~ Nb switch = S~ e — -~ Nbswitch =3
N\ —— Reference "~ —— Reference
0 1 2 3 4 5 0 1 2 3 4 5
p p

A=0.1 A=0.2

Figure 5: HJB convergence case for § = 1 and estimator 2 using a gamma law
with v = 0.9.
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Estimator 2 , gamma law , 6 = 10,

(NQ, N9, N9) = (1000, 10, 3

A=0.1 A=0.2

Figure 6: HJB convergence case for § = 10 and estimator 2 using a gamma
law with v = 0.9.
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Estimator 2 , gamma law , 6 = 20,

(NO, N9, N9) = (1000, 40, 20)

o4
~.
|

A=0.1 A=0.2

Figure 7: HJB convergence case for § = 20 and estimator 2 using a gamma
law with v = 0.9.
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Estimator 2 , exponential law,

(NO, NY, NO) = (1000, 40, 10)

! ! L !
L S S Y

HJB convergence case for § = 20 and estimator 2 using an exponential law.

Solution in 10 seconds, A = 0.1, 2 switches, precision less than 0.5% using (Ng, N1) = (8000, 320).
Very accurate solution, precision 0.1% with both A\ necessary to use 3 switches with
(Ng, N1, N2) = (64000, 2560, 640) and computational time explodes to 30000 seconds with A = 0.1 and

80000 seconds with A = 0.2.
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The general problem Full Non Linear problem

(=0 — Lu)(t,x) = f(t,z,u(t,z), Du(t, ), D*u(t, z)),
w(T,z) = g(z), t<T, xR (21)

o 11 € R and o € M? is some constant matrix.

e—Ax

1>a>0. (22)
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("}
Q] =@
Qi1 = {(k1, . ki kiv1)/(k1, - ki) € QF ki1 € {1, .., Niya, 11, ., (Nig

o For k = (ki,..,k;) € QY its original particle o(k) € Q; such that
O(k) = (kl, kz) where kj = [ if kj = l, ll or l2.

o For k = (k1,...,k;) € QY set of its non fictitious sons

Q(k) — {l — (klv "7k’i7m)/m < {17 7Nl}} C qu—i—la

k(k) =0 for k; € N,
k(k) =1 for k; =1;,l € N
k(k) =2 for k; = 19,1l € N
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Switching dates and trajectories

T(j) = T() ANT,5€{1,., No}
i

P e - olk —o(k
Ws = WTk + 1&(%)=0WS£721<: _ 1/@(1})21W5(72k7

XF =z + us+ oWk, vse [T, T3],

(Ty, + 1) AT, k= (K1, ki) € Qi, k € Q(k)

(23)
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Example: d=1, 1 =0,0 =1

Let us consider the original particle k = (1,1,1) such that T(; 11y =T

(1,1,1) _ x7(1) (1,1) 7(1,1,1)
X7 WT( 1) T WT(l 1)~ T T WT_T(M)

(11,1,1) . (1) (1,1) 7 (L11)
;X:I’ T ‘47511) + 14/511,1)“711) ™ M7—T"T(1,1)

(1 1 a]-) ( ) (17]-) T (1,1,1)
AT WT(l) WT<1,1>—T<1> + WT—T<1,1)

(12,11)1) _ (1 1) 1 (1)171)
A7 - WT<1,1>—T<1> T=Ta,1)

e For f regular, f(X:(F )—i— f( X7 (11,1,1) ) — 2f(Xé12’1’1)) = O(T(1y)-
o Notation (1,1,1)' = (1,1,11), (1,1,1) = (1,1,1).
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Weights and ¢ function

1
b(s,t,2,y,2,0) == ;é??;ﬂ@+p£f%f@xw&ﬁ% (26)

and gradiant weight:

second order derivative weight:

17k 17k T
-V (T — Ty )2 7
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The scheme

7.1
k — — 2 _ .
T~,XT%,unguZ D u£1))’ fork:(kl,...,ki)EQ?,O<z<p,

2
< ke (k)
71
® Tk,T,;,XéZE,ﬂngﬂgl,D2a21)>, for k = (k1,....k;) € Q2,0 < i < p,
1 ~
D*al =— E whk (qb(Tk,T X7 u~,Du13,D2 Z)Jr
(3

¢ TknTkaXT~7u~17DuE17D k:l)

B2 _ 2 _ .
¢(Tk,T XT]~€ 1327Duk2’D uZQ)), fork::(k:l,...,k:i)GQ(;,O<1,<p,

_ k _ 2 2 k
u, =g9(X7, ), Day = Dg(XTk), D%ay = D g(Xp, ), fork € Qyp, (28)
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fO)=A:0

Assumption

Equation (21) has a solution u such that

o u € CH?P([0,T] x RY) with uniformly bounded derivatives in x and

i

o D2, is 0-Holder with 0 € (0,1] in time with constant K for i =1
to p:
|D?Pu(t,.) — D*Pu(f,.)|s < K|t — 7| V(t,%) € [0,T] x [0, T).

(29)

v
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Convergence

There exists some functions of u: Ci(u), Co(u), Cs(u), and two
functions C(T) and C(o) such that we have the following error given
by the estimator (28):

E((@ — u(0,2))%) < C1(w)C(T)?PC(o) Y| A| 27 1 2:ATP) |

I(a)
B2 Ca(u) A s i a12ia¥(@ AT (i + 1))
3 G200y A5 T

[

0yl CPIAIB Clo) 50, XTi)
N; F(T)2 I'(a)

1=0
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Semi Linear degenerated, o not invertible

(=0 — Lu)(t,z) = f(t,x,u(t,x), Du(t, x)),

Lu(t,z) = pDu(t,x) + =66 : D>u(t, x)

| =

with ¢ invertible.

(=0 — Lu)(t,z) =f(t, z,u(t, z), Du(t,x), D*u(t, x))
f(t, z, u(t, ), Du(t, z), D*u(t,x)) :==f(t, z, u(t, z), Du(t, z))—
1

50/ 55



Semi linear degenerated case

Lu(t,x) :=k(m — x)Du(t,z) + %5(:{3)2:D2u(t, T),

and k = kI, k € RT, m = mly, m € RT, 5(z) diagonal
57;,7;($) = 0./x;, 0 € RT.

e Generator associated to multidimensional CIR process :
dS! = k(rm — SH)dt 4 6/ SidW;}
@ Non linearity and solution:

d

f($7y7 Z) :ayZzz + C(tax)

=1

d

u(t,z) = COS(Z z;)e” T,

1=1
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PDE rewritten as

(—0su — Lu)(t, ) =f(x, u(t,x), Du(t, z), D>u(t, x)),

f(z,u(t,z), Du(t, ), D?u(t, x)) :%(6'(11:)2 — 52)D?u(t, x) + f(x, u(t, z), Du(t, x))),

~ 1
Lu(t,z) :=k(m — z)Du(t, x) + 562 : D?u(t, x),

§=6l;, &€c€RT
Using Ornstein Uhlenbeck forward process:

dS! = k(i — SY)dt + adW;.
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o .
Results : N/ = NP x 2wart
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A = 0.05. A = 0.075.

CIR case dimension 15, (N3, N?, N9, N9 N?) = (1000, 40, 20, 10, 5)
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Full non linear case (no theoretical result)

HO
=——1
¥ d d>
g0
=——1,,
g \/a d
d
a _ a(T—
ft,z,y, 2, 0) =e(t, z) + ﬁ—ew NV (TN (5> 6,4)),
=1

d
u(t, z) = Tt COS(Z ;).

1=1

Take:pug = 0.2, og =1, a = 0.1, xg = 0.51y, T'=1.
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Figures
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Full non linear toy example a = 0.4, d = 5.
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