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© Objective of the talk



1. Objective of the talk

Motivation: For the following controlled ODE:

dX]7" = g(X" ug)dt, ©>0,
Xyt =x€0,

(Abel mean) Vj(z) := 52{4 /Ooo e M Y(XT ug)ds, = € 0.

e The existence of the limit of AV}, as A — 0 is very interesting, e.g.,
strongly connected with ergodic control, homogenization...

Recently,

e Quincampoix, Renault. SIAM J. Control Optim., 2011.

e Cannarsa, Quincampoix. SIAM J. Control Optim., 2015.

e Buckdahn, Quincampoix, Renault. J. Differential Equations, 2015.



Objective of the talk

In order to introduce the studied stochastic differential games we consider
+ W-a standard d-dimensional B.M. over a complete probability space

(Q, F,P); F-the completed filtration generated by W;
+ The control state spaces of the Players 1 and 2: U, V—compact metric spaces;

+ U = LYUR;U) (resp. V = LY(R,;V))-the space of the admissible controls
for Player 1 (resp. Player 2);

+ A-the set of non anticipative strategies o : V — U for Player 1;

+ B-the set of non anticipative strategies 5 : U — V for Player 2 (The precise

definition will be given later).



Objective of the talk

Stochastic differential games: Given z € RV, (u,v) € U x V, we consider

The dynamics

(1.1)

de’u’v = b(th’uﬂ), Ut , Ut)dt + O_(Xg:,u,v’ U, 'Ut)th, t 2 0,
X2 = g e RV,

and, for any A > 0, the associated discounted
Cost functional Y3 is defined through the BSDE

T
AUV AT,V T, u,v Az, u,v A, T, u,v A,z,u,v
Y; =Y, +/ (p(X T XYy ZATwn gy ) YY) dg
t

T
— / ZMwqW, 0 <t < T < oo.
t

. (12)
Note, if ¥ = 9 (z,u,v): YOA’z’u’” = E[/ eMP(X TN g, v,)ds| .
0



Objective of the talk

Not imposing Isaacs’ condition, we consider the

Value Functions: For A > 0, z € RV,

Va(z) := inf sup 3/(])"1”a(v)’v7 r e RV, (the lower value function) (1.3)
aC€A ey
— ; Amu, B(w) N .
Ux(z) :=sup inf Yj , v € R™. (the upper value function) (1.4)
peB ueU

We restrict here to the study of the limit behaviour of AVy(z) as A N\, 0 for

the lower value functions.



Objective of the talk

Our objectives:

e Study of conditions which guarantee the monotone convergence of AV, (+),
uniform on compacts, as A N\, 0. Unlike the ergodic case, the conditions will allow
the limit Wy(z) := }\iIIB AVi (), z € RY to depend on the initial condition

—
z € RV,
e Characterization of the limit value Wy(-) as the maximal viscosity subsolution of

a limit PDE; an explicit representation formula is obtained under some additional

conditions; this formula is namely based on

e A uniform dynamic programming principle for Wy involving the supremum and

the infimum with respect to the time over R .
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Preliminaries

Spaces we work with:

SZ(R) := {(qbt)0<t<oo real-valued continuous [F-adapted process:

E[ sup [¢nf?] < oo}
te[0,00)

HE(RY) := {(¢t)0<t<oo R?-valued F-progr. meas. process: E[ [ |¢;[2dt] < oo};
Hﬁ’_QA(O,T;Rd) = {(¢t)0§t§T R<-valued F-progr. meas. process:
B[y exp(~2M)|60[%df] < oo}
H? (RY) := {(¢t)ogt<oo R?-valued F-progr. meas. process:
E[f; |¢|%dt] < +00,0 < T < oo};
L (0,00;RY) := {(¢t)0<t<oo R?-valued F-adapted essentially bounded process}
L?(Foo; R) := {g real-valued Foo-meas. r.v.: E[|€]?] < oo}.



Preliminaries

We begin with a recall on the BSDEs with infinite time horizon. For its

driver ¢ : Ry x Q2 x R x RY — R we suppose:

(A) Y (y,2) e Rx RY, (., y,2) = (¥(t,y, 2))e>o0 is F-progr. meas.;

(Ai) V (t,w,2) € Ry x Q x R,y > ¢)(t,w,y, 2) is continuous;

(Aiil) 3 K., M > 0 s.t.
(P(t,y,2) =¥ty 2))(y —y') <0, dtdP-ae, Vy,y €R, z € R%
[U(t,y, z) —Y(t,y, 2")| < K.|z — 2|, dtdP-a.e.,Vy €R, z, 2/ € R%
[¥(t,y,0)| < M, dtdP-a.e.,Vy e R.

(A1)



Preliminaries

For any given A > 0 we consider the BSDE on the infinite time interval:

T T
Y =Y +/ ((s, \Y, Z2) — AY M) ds —/ ZXdWy, 0<t < T < oco. (2.1)
t t

Definition 1
A couple of processes (Y*, Z*) is called a solution of BSDE (2.1) on the infinite

time interval, if Y = (Y;});>0 € Lg°(0,00; R), Z* = (Z1)1>0 € Hi 10 (R?) (i-e.,
Z Mo, € HE(0, T;RY), for all T > 0), and (Y, Z*) satisfies eq. (2.1).

Proposition 1

| \

Under our assumptions on 1, BSDE (2.1) on the infinite time interval has a
unique solution (Y, Z*) € Lg°(0,00; R) x Hz ;,.(R?). Moreover, we have
K2

M o M
V2| < ~ t20, and IE[/ le=MZ}2dt] < 2(7)2(2+ =5)-
0




Preliminaries

Remark

For 1) satisfying assumption (Al) and, ¥V n > 1, define the supremum convolution

Un(t,w,y,2) =sup{¢(t,w, ¥, 2) —n(y —y)", ¥ € R},

(t,w,y,2) € Ry x Q@ x R x R Then, for all n > 1, 1, satisfies (A1), it's Lipsch.

w.r.t. y with Lipschitz constant n, and

w(t7w7y7 Z) S Tp’ﬂ(t?w)yv Z) \l ¢(t7W,y7 Z) (n — +OO),

t,w,y,2) € Ry x Q x R x R This pointwise convergence is non-increasing and
) Y, A
bounded by M.

For v, standard arguments reduce the proof of the preceding proposition to
the case of drivers 1,,. (Similar methods in Lepeltier, San Martin (1997)).



Preliminaries

In particular, this allows to prove also the following comparison result for
BSDEs with infinite time horizon. Then, the uniqueness is a direct consequence of

the following comparison result.

Let the coefficients 1;, i = 1,2, satisfy (A1) and be such that ¢; < 5. Then, if
(Y?, Z%) denotes the solution of BSDE (2.1) with coefficient 1;, we have
Y <Y?2 t>0, Pas.
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The setting of our stochastic differential games (SDGs):

We begin with its dynamics:

Let b: RN x U xV = RN, 0 : RN x U x V — RV¥*? satisfy the assumptions:

(Hi) b, o are uniformly continuous on RY x U x V;
(Hi)3e>0st,Vaz, o eRY uel, veV, (H1)
[b(x, u,v) — b2, u,v)| + |o(z,u,v) — o(a’,u,v)| < clx — 2|,

b(z, u,v)| +|o(z,u,v)| < c.

Given z € RY and (u,v) € U x V, let X®W¥ = (X7""),>0 denote the unique
t >

R~ -valued continuous, F-adapted solution of (1.1)

{ dth’u’U = b(Xf’u’U, Uy, Ut)dt + O'(Xf’uﬂ}, Ut, ’l)t)th, t> 07 (2 2)

XP"Y =g e RV,



Remark
From SDE standard estimates we have that, for all 7' > 0, and k > 2, there exists
Ci(T) >0s.t. forall t€[0,T], z, 2’ eRN uclU,veV,

E[ sup |X2*"*] < Cr(T)(1 + |a|*);
0<s<T

Bl sup X34 = X304 < CuTle — o'
_S_

(see, lkeda, Watanabe, pp.166-168 or Karatzas, Shreve, pp.289-290).

Let us come now to the cost functional defined through a BSDE on the

infinite time horizon [0, +00).
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BSDE: For any A > 0, x € RY and (u,v) € U x V, we consider the BSDE
T
th)\,x,u,v :Y;\,m,u,v +/ (d)(Xsm,u,v, A)/s)\,:n,u,v7 Z;\,m,u,v’us’vs) _ )\Y;)\,m,u,v)ds
t

T
— / ZMwqW, 0 <t < T < oo.
t

(23)
whose coefficient 1) : RY x R x R x U x V — R is supposed to satisfy:

(Hiii) 1 is uniformly continuous on RY x R x R% x U x V;
(Hiv) 3 K, K, and M > 0 s.t.
(>0, 0) = Bl 510, 0)) (5 — o) <0,
(2, y, 2,u,0) = ¥(@',y, 2, u,0)| < Kol — 2| + Koz — 2],
[Y(z,y,0,u,v)| < M, (z,2',y,v, 2 2" u,v) € R2N+2+2d 7 x V.
(H2)




Preliminaries

Remark: From Proposition 1 we know that there is a unique solution
(Yhewe zAeuvy e [229(0,00;R) x HE, (R?), and [V < M ¢ > 0.

loc

Cost functional: Y;"™™", (u,v) € U x V.

Which type of game: e If “control against control”, then, in general, even no

dynamic programming principle;

¢ “Non-anticipative strategy against control”: Fleming, Souganidis, 1989;
Buckdahn,Li, 2008; “Non-anticipative strategy with delay against non-anticipative
strategy with delay”: Buckdahn; Cardaliaguet, Rainer,...; both concepts give the
same value functions.

e “Non-anticipative strategy against control” seems to be well adapted to

our studies.
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Definition 2 (Non-anticipative strategies)

1) A mapping a : V — U is an admissible strategy for Player 1, if it is non-
anticipating in the following sense: For all stopping time 7 : Q0 — R, and all
controls v, v’ € V it holds that, if v = v’ dsdP-a.e. on the stochastic interval
[[0,7]], then also a(v) = a(v") dsdP-a.e. on [[0, T]].

The set of all admissible strategies for Player 1 is denoted by A.

2) Symmetrically to the definition of admissible strategies for Player 1, those for
Player 2 are the non-anticipating mappings 5 : U — V.

We denote by B the set of all admissible strategies for Player 2.




Preliminaries

Value Function: For \ > 0,

Wa(z) == inf4 sup Y}f"x’am’”, r e RN, (the lower value function) (2.4)
aCAqyey
— : Az,u,B(u) N .
Ux(z) := sup inf Yj , T €RY. (the upper value function) (2.5)

BEB uel

We concentrate here on the study of the limit behaviour of AV, (+), as A\, 0.
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Crucial in our approach are the following conditions:
Nonexpansivity condition: 3¢y > 0s.t., forallz, € RN, uec U, Juec U s.t.,
forallv eV, y € R, z € RY,

(I) g(xj,u,ﬂ, U) = <£C - xlab(x»uvv) - b(f,ﬂ,’l}» + 5‘0(‘%7”7@) - U(Evﬂav)F
+K.|o(x,u,v) — o(Z,q,v)||z — Z| < 0;

(”) 1/)(95753’“’@,”,%2’) = W(%yaz,u,v) - ¢(i‘,y,z,ﬂ,v)| —60|ZII — i‘| < 0’
(H3)

with K, > 0 introduced in assumption (H2).

Stochastic nonexpansivity condition: For all e >0, A >0, z, £ € RY and all
ac€A FJacAst, forallveVandall v € L2(0,00; RY) with |vs| < K,
dsdP-a.e., with the notation L] = exp{ [; 7sdWs — 3 [ |s|2ds},

. z,a(v),v z,a(v),v|2 3 = .
{(.) (BILY| X7 = XPOO PR < o —a] e, 12 0; (Ha)

(i) [NV "W Ay < gl — 2] + e
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RENEILS

1) The nonexpansivity condition is in particular satisfied under the very strong
condition

(x — Z,b(z,u,v) — b(Z,u,v)) < —(C2/2+ C,K,)|x — 7|2,
for all z,7 € RN, (u,v) € U x V, where C, is the Lipschitz constant of
x — o(z,u,v).
Indeed, it suffices to choose & = w and ¢y as Lipschitz constant of (z,y, z, u, v).
2) Our nonexpansivity condition generalizes that for stochastic control problems
studied by Li and Zhao (2017) (they have been the first to consider this assum.
for cost functionals defined through a BSDE). Before, for classical stochastic
control problems it was introduced by Buckdahn, Goreac and Quincampoix
(2013). As we will show for our framework of SDGs, the cited authors have shown

that the nonexpansivity condition implies the stochastic one. However, in the case

of SDGs, the proof is much more involved and very technical.
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We suppose our standard assumptions (H1) and (H2) on the coefficients b, o and

. Then the nonexpansivity condition (H3) implies the stochastic nonexpansivity
condition (H4).

An immediate consequence of the above theorem is the following result.

Lemma 5

We suppose that our standard assumptions (H1), (H2) and the nonexpansivity
condition (H3) are satisfied. Then the family of functions {AV)}as0 is
equicontinuous and equibounded on RY. More precisely, for the constants ¢, > 0,
M > 0 defined in (H2) and (H3), it holds that, for all A > 0, and for all
z,z’ € RY,
(i) [AVA(z) = AVa(2)| < @olz — ),
{ (i) [AVa(2)] < M.
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Hamilton-Jacobi-Bellman-Isaacs equations

Recall that SV is the set of symmetric real N x N matrices. Let us consider
a Hamiltonian which can but needs not to be necessarily related with our SDGs.
Hamiltonian: H : RY x R x RY x SV — R.
Assumptions: Let H be a uniformly continuous function satisfying
(Ax) (i) (Monotonicity property) H(z,r,p, A) < H(x,s,p, B), for all (z,p) €
RY xRN, (r,A), (s,B) € R x SN with r < sand B < A.
(i) (Modulus of continuity) 3 p: Ry — Ry, p(0+) =0, s.t.,
|H(z,7,a(x — 2),B) — H(z,r,a(r — ), A)| < plalr — 2> + |x — ),
forallreR, z,z e RY, a>0andall 4, Be SV st.

I 0 A 0 I -1
—304 S S 30[ )
0 I 0 —-B -1 I

where I denotes the unit matrix in RV*V,
(iii) (Boundedness) |H (z,r,0,0)| < M, for all (z,7) € RY x R, for some
constant M € R.



Hamilton-Jacobi-Bellman-Isaacs equations

For A > 0 we consider the PDE

AV (z) + H(z,\V(2), DV (x), D*V(z)) = 0, = € RY. (3.1)

Remark
e Under the above assumptions (Ag) (i)-(ii) the above PDE obeys the

comparison principle: The uniformly continuous viscosity subsolutions of (3.1) are
less than or equal to the uniform continuous viscosity supersolutions.
e (Ag) (iii) ensures that U(xz) = —M /), x € RY, is a viscosity supersolution.
Combined with the comparison principle, this allows to use Perron’s method: PDE
(3.1) has a unique viscosity solution given by

V(z) =sup{U(z): U is a subsolution of (3.1) and [U| < M/A}, z € RY.
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Let us introduce the space
Lipa,(RY) == {U : RN = R||U ()| < Mo,
|U(z) —U(z)| < Mo|lz — z|,z,z € RV}
and let us suppose that, for My > 0 large enough,
(H) For the unique viscosity solution V) of PDE (3.1), AV} belongs to
Lipy, (RY), for all A > 0.

Under the assumptions (Ag) (i)-(iii) PDE (3.1) has a unique continuous viscosity
solution V) satisfying |[A\Vi ()| < M, for all z € R™Y, X\ > 0. From Lemma 5, we

see that, when the Hamiltonian is associated with a SDG and the non-expansivity

condition (H3) is satisfied, assumption (H) holds true.
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In addition to (H) we also need the Radial Monotonicity Condition (RM) for the

Hamiltonian H:
(RM) H(z,r,{p,lA) > H(z,7,p,A), £ >1, (z,7,p,A) € RN x R x RN x SV,

Let the Hamiltonian H satisfy the assumptions (Ag), (H) and also (RM). Then
(i) A = AVi(x) is nondecreasing, for all x € RY;
(ii) The limit Wo(z) = limy_,o+ AVa(z) exists, for all z € RY;

(iii) The convergence in (i) is uniform on compacts in RY.
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Proof: Let us introduce the family of Hamiltonians

1 1
Hy(z,r,p, A) .= \H (z,, NG XA)’ (z,7,p,A) e RN xR xRN x SV, A > 0.
Then ﬁA(x) := AV (z) is, obviously, a viscosity solution of

AU (z) + Ha(z, Ux(z), DU (z), D*Uy(x)) = 0. (3.2)

On the other hand, for any A, p > 0, we have

A Py Py = A rLy B
(@ Sp T A) = 2 (uH (@ T (0p), 3

DA A))) = Hx(z,r,p, A).

1
I
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Hence, from the radial monotonicity condition (RM) we get in viscosity sense, for

all p>X>0,

NO,u(w) + Ha(x, Uy (), DU, (x), D*U, ()

:,;. %Uﬂ(:ﬂ)ju %H (@, T, (@), ’ipﬁﬂ(x),ipiﬁﬂ(m))

= @)+ e (@, O(2), 5 CDO (@), 5 (D2 Dw)]
> 2l,a) + ut (2, Opo), 5. DT (), D0, (o)

= 2(u0,(@) + Hy,0,(2), DO, (2). D0p(@))) =0, & € B

This shows that ('_7# € Lipp, (RY) is a viscosity supersolution of (3.2). From the
comparison principle it follows that ﬁu > U, on RY. This proves (i). Statement
(ii) follows from (i) and the boundedness of AV, while thanks to the fact that
AV € Lipyy, (RY), X > 0, the Arzela-Ascoli Theorem yields (iii). [
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When is this radial monotonicity condition satisfied? Recall Lemma 3.1, Li,
Zhao (2018, SPA):

Lemma 6

Let H(x,7,p, A) be convex in (p, A) € RY x SV. Then the following conditions
are equivalent:

i) The radial monotonicity condition (RM) is satisfied by H(x,r,-,-);

i) H(z,r,{'p, (' A) > H(z,r,€p,LA), 0< L <, (p,A) € RN x SV,

iii) H(x,r,p, A) > H(x,7,0,0), (p,A) € RN x SV.
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However, the Hamiltonian H(x,r,p, A) associated with SDGs is, in general not

convex in (p, A). But we have:

Corollary 1
Given any index set I and convex Hamiltonians H, (z,7,-,-) : RY x SV — R,
v € I with
H.(z,r,p, A) > H,(x,7,0,0), for all (z,7,p, A) € RY x R x RN x &V,
the Hamiltonian H defined by
H(z,r,p,A) = Wirel%Hy(w,r,p,A), (z,7,p,A) € RV x R x RN x SV,

satisfies the radial monotonicity condition (RM).
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RENELS
In the case of dimension N = 1, as we have a standard assumption on our

Hamiltonian H = H(z,r,p, A) : R* — R that it is continuous and proper, the

mapping R 3 A — H(z,r,p, A) has to be non-increasing. Consequently, for the

radial monotonicity of H(x,r,-,-) it is sufficient that the Hamiltonian satisfies the

following conditions in addition to the standard ones mentioned above:

(i) H(z,r,p, A) = H(z,r,p,0), for all p, A € R with A > 0,

(ii) H(z,r,p, A) is non-decreasing in p € R, and non-increasing in p € R_, for

all A.

Of course, these conditions (i) and (ii) are only sufficient but not necessary for

(RM). Indeed, as one checks easily, for the continuous proper Hamiltonian
H(x,r,p,A) = (A" —p")T, (p,A) €eR xR,

the condition (RM) holds true but not the above condition (ii).
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Theorem 2 has established the uniform convergence on compacts and the

monotone convergence of AV, (-), as A \ 0.

Theorem 3
Let us make the same assumptions as in Theorem 2. For every A > 0 let V)

denote the unique viscosity solution of the PDE
AV (x) 4+ H(z, \V (z), DV (z), D*V(z)) = 0, x € RV, (3.3)

such that AV} € Lipy,, (RN), for some My > 0 large enough and independent of
A. Then, Wy(z) == /\l_i)r(r)1+ AVa(z), z € RV, satisfies
Wo(z) = sup{W (z) : W € Lipyy, (RN), W + H(z, W, DW, D*W) < 0

on R¥ (in viscosity sense)}, = € RY,

where

H(z,r,p, A) := min {Mg, sup H(x, r, {p, KA)}.
£>0
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The following result gives a sufficient condition for a constant limit Wo(-) of

AV (+), like in the ergodic case.

In addition to the assumptions in Theorem 3 we suppose that, for all (z,p, A)
€ RN x (RM\{0}) x S¥, sup H(z, Wy(x), £p,£A) = +oo. Then, the function
£>0

Wo(+) must be constant on RV .
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Convergence problems for the SDGs

We consider now the Hamiltonian of our SDGs introduced in the first part.
Hamiltonian: For (z,y,p, A) € RN x R x RN x SV we put
1
H(xz,y,p,A) := mf sup{ b(x,u,v)) — =tr(co™(z,u,v)A)
Vuer 2 (4.1)
- ¢($7 yapa(xa U, U)a u, U)}

Theorem 4

Under the assumptions (H1), (H2) and the nonexpansivity condition (H3) the
lower value function Vy(z) = infae 4 Sup,ey, YO’\’z’a(U)’U, x € RN, defined by
(2.4) of the SDG (2.2)-(2.3) is a viscosity solution of the HJBI equation

MV (z) + H(z, \V(z), DV (x), D*V (x)) =0, = € RY, (4.2)

where H(z,y,p, A) is defined by (4.1). Moreover, the solution is unique in the

class of the uniformly continuous functions on R¥.




Convergence problems for the SDGs

Our objective is now to study for our SDG the limit behaviour of A\V)(+), as
A\ 0. For this end, we begin with the

Dynamic Programming Principle (DPP) for V(-). The DDP uses the notion of
Backward stochastic semigroup(Peng (1997)): Let ¢ : RN x Rx RN x U x V
— R satisfy the assumption (H2). Then, given A > 0, (z,u,v) € RY xU x V

we define for any finite time horizon t > 0 the backward stochastic semigroup
Grpm ) = Y, s € [0,1], n € L(Fi, R),
where (Y61, ZA00) € S2(0,t) x HZ(0,t; R?) is the unique solution of the BSDE

AV = (X3 XYM, 23 )~ XYM ds + ZNaW,,
s €0,1],
}/t)\,t,n = 7.
(4.3)



Convergence problems for the SDGs

Proposition 2

Under our standard assumptions (H1), (H2) and (H3) the lower value function V)
defined by (2.4) satisfies the following DPP: For all t > 0, # € RY and all A > 0,

Va(z) = inf sup G)‘ i£r0(v), [VA(Xf’a(U)’U)]. (4.4)
a€A ey

Proof: Vi(t,z) := Vi(2), (t,z) € [0,T] x RY, (T > 0), is the unique viscosity
solution of the HJBI equation on [0, T] x RY
—0VaA(t, @) + AVA(t, ) + H(z, AVa(t, ), DV, (t, ), D*V)(t,z)) = O,
W(T,z) = Vaz)
This kind of HJBI equation was studied by Buckdahn, Li (2008). They proved in
particular the DPP: For all t € [0,7], x € RV,

Va(0,2) = inf sup Gyt [y (8, X))
acAyey ’

Recalling the definition of V) (¢, z), this is just what we have had to prove. O



Convergence problems for the SDGs

Let us take now the
Additional assumption adding to (H2): (H2")

(Hv) ¢¥(x,y,z,u,v) = ¥(z, z,u) does not depend on y nor on v;
(Hvi) 3¢ : RV x U - R sit. /\(w(as, %z,u) - w(x,O,u)) — YPo(z,u),

uniformly on compacts in RV x R? x U.

e From the assumptions (H2) on v it follows that g is independent of x.

e Moreover,
(i) [Yo(2,u)| < K.z, (2,u) € RY x U, and
(ii) vo(az,u) = aho(z,u), for all @ > 0 and (z,u) € RN x U,




Convergence problems for the SDGs

The associated backward stochastic semigroup: Given z € RN and u € U, we
define G¥[n] := Y%(n), 0 < s < t, n € L*(F;R), through the BSDE

(4.5)

{ dyru(n) = —o(Z5%(n),us)ds + ZL™(n)dWs, s € [0,t],
Yitm = n.
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As by now well known, G ,[] := quj[] satisfies the following properties of a

conditional g-expectation (see Peng, 1997):

Lemma 7

Under the assumptions (H2) and (H2')

i) GLin+0] =Gyt +60,0< s<r <t neL*F;R), 0 € L*(Fy;R).
i) Gy [Grynl] = G¥lnl, 0 < s < v <t, n € L*(FyR).

iii) Gz”’t‘[m] < Gi’ft‘[ng], forall 0 < s <t, m, no € L2(F;R) with 11 < no.
Moreover,

iv) If z — ¢(z,z,u) is concave, GZTZ[] is concave over L?(F,;R).

For s = 0 we have the g-expectation G*[n] := Gg’ff[n], n € L*(Fy; R).
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Recall that we assume ¥ (z,y, z,u,v) = ¥(z, z,u) does not depend on (y,v).

Theorem 5
We suppose that the assumptions (H1), (H2), (H2'), (H3) and (RM) hold true.
Then Wo(z) = limy 0 A\Vi(z), = € RV, satisfies the DPP

Wo(z) = inf sup G*®) [WO(X;T’O‘(U)’U)], reRYN t>0. (4.6)
a€A ey
Moreover, if z — ¥(x, z,u) is concave for all (z,u) and
)\(z/z(a:, %z,u) — w(;v,O,u)) > o(z,u), for all A > 0, (z,u, 2), (H.2")

then Wy (-) has the following representation formula:
— 8 : a(v) [,7, z,a(v),v N
Wo(e) = inf, sup inf G [$(X; )], z € RN, (4.7)

Here ¢(z) = min, ey 9(x, 0, u).

For control problems (4.7) was studied by Li, Zhao:
Wo(z) = inf,ey inf>o G2 [&(Xf“)], difficulty for us: iteration of inf-sup-inf.
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Example for (H.2")
Let g : R™ — R be Lipschitz, positive homogeneous, concave and superadditive
(i.e., gla+b) — g(a) > g(b), for all a,b € R™; an easy example for such
g: g(a) = —lal, a € R™), and let, for suitable functions v;(z,u), i = 1,2, and
Y3 (u):

(w2, u) =y (z,u) + g(wg(m, u) + wg(u)z).
Then, A(¢(z, %z, u) —(x,0,u)) = g(Mp2(z, u) + Y3(u)z) — g( M2 (z,u)),
and, thus,

° A(?/J(x, iz,u) — z/;(x,O,u)) — o(z,u) = g(wg(u)z), as A\, 0, and

° )\(1/1(33, %z,u) — w(m,O,u)) > o(z,u) == g(1[13(u)z).

y

Proof of DPP (4.6) in Theorem 5: by passing to the limit in the BSDE associated
with the backward stochastic semigroup used for the DPP for V().
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The proof of (4.7) is crucially based on
Theorem 6
Let us assume that the assumptions (H1), (H2), (H2'), (H3) and (RM) are

satisfied. Then we have the following strong version of the DPP: for all z € RY,

Wo(z) = inf sup inf G*) [WO(X?&(U)’D)] = inf supsup G*) [Wo(Xf’a(v)’v)].

acA ey t20 a€A eV >0
(4.8)

v

The proof of the theorem is rather technical and long; it uses and extends the
techniques developed for the proof of the DPP for SDGs (but without inf;>,
sup,>g) by Buckdahn, Li (2008).

Sketch of the proof of (4.7) of Theorem 5:

. . - z,a(v),v N
Wo(e) = inf, sup inf G* [p(X,""")], = € RY,

with ¥ (z) = min,ep ¥(x, 0, u).
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Step 1. To prove:  Wy(z) < 1nf4sup znf Ge) [V(X] (), )],z eRN. (4.9)
- veY

From Theorem 3, in viscosity sense,
Wo(x) + H(x, Wo(x), DWy(z), D*Wy(z)) <0, z € RV.
Hence, if J>+TWy(x) # (), from the RM condition, for any (p, A) € J>+Wy(x),

0 >Wo(x) + H(z, Wo(x),p, A) > Wo(x) + H(x, Wy(x),0,0)
Wo(x)—i-sgg( ¥(z,0,u)), ie.,
Wo(z) < 9(x) = gggw(x,o,u), if J2TWo(z) # 0. (4.10)

It can be shown that {z € RN : J2+Wy(x) # 0} is dense in RY i.e., (4.10)
holds for all z € RY. Thus, from (4.8),

infoe 4 sup, ey infi>o Gow) [WO(XZE’Q(”)’”)]

infoeasup, ey infiso Ge) [&(Xf,a(v),v)} )

Wo(l‘)

A
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Step 2. We show

Wo(z) > inf £ GO [(x7 RV, 411
(#) > inf sup inf [b(X; )], = € (4.11)
Recall that Vy(z) = infae.4 sup,cy Yy ™" is defined through our BSDE on

[0, +00) with solution (YA ZAu:v) Then

(YAwuv ZAzuv) — \(YAwv zAuwv) s the unique solution of the BSDE on

0, +20)

AY Y = —\ (p(X 2, %Zﬁ’”’“’”,us) — YTy ds 4+ Z0T AW, s > 0.
(4.12)
On the other hand,
Mp(x, %z, u) > M(z)+ )\(w(az, %z, u) —(z,0, u))
> M(x) + Yo(z,u), for all (x,z,u).
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Thus, comparing the above BSDE on [0, +00) with
di}s)\,x,u,v — 7()\(zZ(Xg:,u,v)7)75)\,z,u,v)+¢0(25)\,a:,u,v,us))d8+22,z,u,vdws’ s Z 0’
we see }7;)"‘”’”’” > )N’t)"m’"’”, t >0, P-as., forall A > 0.

But, using the positive homogeneity of ¢y (-, u), for all ¢t > 0,
t t
YO)\,x,u,v: (efkty;k,z,u,v_'_ A /67A8¢(X§’u’v)d8) +/ wo (ef)\sZs)\,m,u,v’ us)ds
0 0

t
_/ E_ASZ?’z’u’vdWS.
0 ~
Hence, the definition of G*[], from Lemma 7 and since [Y;""**| < M (Indeed,
9] < M), )
Rpess = auempens g [ R
0

t

—e MM AN [ e MG [P(XE)]ds

Y

0
“+oo

— )\/ e MG [h(XE™)]ds, as t — +oc.
0
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But this implies
YO)\,z,u,v Z YO)\,z,u,'u Z )\/ 67)\8Gu [1/J(X§’u’v):|d5,
0
for all A > 0 and all (u,v) €U x V. Thus, as AV () — Wo(x) (A \(0),
W, AVi(z) = inf sup Y=o
(Wo(z) ) AVa(z)= Jnf sup g

+
> inf Sup)\/ e MG W(X:7a(v)7v)]d5
acA ey 0

> f f a(v) [,7, Xz a(v),v
S R
for all A > 0. This proves the stated inequality.

Step 3. Combining the results of the Steps 1 and 2 we obtain

_ a(v) [,7, za (v),v N
Wo(x) Inf sup inf G [o(X )], x € RY,

The proof is complete.



Thank you very much!

it
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