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Mean Field Games (MFG) are Nash equilibria in

@ nonatomic games = infinitely many agents having individually a negligible influence on the
global system (as in Schmeidler (1973), or Mas-Colell (1983, 1984))

@ in a optimal control framework = each agent acts on his state which evolves in continuous
time and has a payoff depending on the other’s position
(stochastic optimal control)

Pioneering works :

— Models invented by Lasry-Lions (2006)
and Caines-Huang-Malhamé (2006)

— Similar models in the economic literature : heterogeneous agent models
(Aiyagari ('94), Bewley ('86), Krusell-Smith ('98),...)
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MFG with major players

In this talk we consider
@ acrowd of small agents
@ interacting with one or several major agents.

Motivation : models problems in which the agents have different size.

Large literature on the subject :
@ Pioneering work : Huang (2010), Caines and al. (2013,...),
@ Buckdahn-Li-Peng : optimal control (2014)
@ Bensoussan-Chau-Yam : Stackelberg games (2015, 2016)
@ Carmona and al. : probabilistic approach (2016, 2017)
@ Lasry-Lions : PDE approach (2018)
o
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Aim of the talk

Issues :
@ Different approaches — different notions of equilibria ?
@ Limit of the N—player problem as N — +oco — yet another notions ?

Goal of the talk :
@ Understand the relation between the different definitions of equilibria
@ Investigate the limit of the N—player games as N — +oco

— setting : MFG with one major player
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Outline

0 Two different approaches and a verification result
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Two different approaches and a verification result

The game

Notation :
@ x € RY is the position of a typical small player, Xo € R% is the position of the major
player,
@ m e P»(RY) is the distribution of the small players, o the initial distribution.
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Two different approaches and a verification result

The game

Notation :
@ x € RY is the position of a typical small player, Xo € R% is the position of the major
player,
@ m e P»(RY) is the distribution of the small players, o the initial distribution.

(Feedback) strategies :

@ Strategies of the small players : o = a;(x, xo, M),
@ Strategies of the major player : a® = a9 (xg, m).

Goal of the players : to minimize
@ for the small player :

;
J(a; XP, (my)) =E {/o L(Xe, X2, cr(t, Xe, XP, my), me)dt + G(Xr, X2, mT)] ,

where dX; = ay(t, Xi, Xto, m;)dt + V/2dB;, m; being the distribution of the players,
@ for the major player :

S>a®; (my)) =E [/OT LO(XP, a2(t, X2, my), my)dt + GO(X2, mr)] ,

where dX? = af(X?, m;)dt + v2dBY.
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Two different approaches and a verification result

Approach 1 : Nash Equilibria (Carmona and Wang)

Definition. Given an initial measure pg € Pg(Rd) and an initial position x € R% for the major
player, a Nash equilibrium is a pair (a°, @) of strategies for the minor and major player such that :
0 a is optimal for each minor player : for any «,
J(@; XP, me) < J(o; XP, m),

where (X?, m;) solves

dX? = a%(X?, imy)dt + v2dBY,
dtﬁ‘ly = {Afnt + div(r_n,&t(x, Xto, ﬁ?t))} dt,
ﬁ’lo = uo, Xg =Xg.
@ a° is optimal for the major player : for any o2,
S@0% (M) < P(a® (my)),

where (X?, m;) solves

arm; {Amt -‘rle(mtOc[(X mt))} at,

my = po, X3 = x3,

{dx;): a9 (X! ’mt)dt+\de°
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Two different approaches and a verification result

Main result of Carmona and al.

@ Carmona-Zhu (2016)

@ First definition by Pontryagin stochastic maximum principle,
@ Approximate Nash equilibria for large finite player games,

@ Comparison with Huang’s approach

@ Carmona-Wang (2016-2017)

@ Definition of Nash equilibria,
@ existence/uniqueness for LQ or in short time and discrete setting

@ Numerical schemes

P. Cardaliaguet (Paris-Dauphine) MFG 9/22



Two different approaches and a verification result

Approach 2 : PDE (Lasry-Lions)

A pair (U, U) = (U°(t, xo, m), U(t, x, X, m)) is the solution of the master equations for MFG
with a major agent if :

(7

(i)
(iv)

—pU° — Ay UP 4 HO(xg, Dy, U°, m) — /
R

+/Rd DmUO(t, X0, m, y) - DoH(: X0, Dx U(t, ¥ Xo, m), mydm(y) = 0
in (0, T) x R% x P(RY),
—0tU — AxU — AU + H(x, X9, DxU, m) — /Rd divy DmU(t, x, Xo, m, y)dm(y)
+Dyy U - DoH® (X0, Dxy U° (2, X0, m), m)
+/d DmU(t, x, X0, m, y) - DpH(y, X0, DxU(t, y, Xo, m), m)dm(y) =0

R
in (0, T) x RY x R% x P(RY),
UO(T7 X0, m) = GO(X07 m)7 in Rdo X 7)(]Rd)7
U(T, x, X9, m) = G(x,%X,m)  inRY x R% x P(RY).

divy DmU°(t, xo, m, y)dm(y)
d

where H° and H are the convex conjugate of L and L : e.g.

H(xo,p0,m) = sup —ag - po — L%(x0, 2%, po)
aoERd
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Two different approaches and a verification result

Lasry-Lions’ results (2018)

@ Existence/uniqueness in short time and discrete space for (M),
@ |Introduction of (M) with common noise,

@ Scheme of proof for existence/uniqueness in short time for (M)
(Hilbertian approach)

Alternative approach (C.- Cirant-Porretta, in preparation) :
@ Existence/uniqueness for (M) in short time, using a Trotter-Kato scheme
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Two different approaches and a verification result

Derivatives in the space of measures

We denote by P»(RR%) the set of Borel probability measures on R? with finite second order
moment, endowed for the Wasserstein distance

dg(m7 m,) = inf ‘X - y|2 dﬂ'(X,y)7
™ JRIxRI

where the infimum is taken over coupling between m and m’.

Derivatives

Amap U : Po(RY) — Ris C' if there exists a continuous and bounded map
S P»(RY) x RY — R such that, for any m, m’ € P(RY),

vy~ um = [ [ 28— sym+ s yyata - my)as
We set

sU
DmU(m, y) := Dy%(m,J’)
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Two different approaches and a verification result

Let U : Pp(RY) — R be smooth and b : (0, T) x RY — R? be a smooth and bounded (random)
vector field. If m solves

dmy = {Amt + diV(bt(X))}dt,

then
U = [ av(DnUmy yymi(ay) ~ [ DnU(m,y) - b(y)mi(ay).
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Let U : Pp(RY) — R be smooth and b : (0, T) x RY — R? be a smooth and bounded (random)
vector field. If m solves

dmy = {Amt + diV(bt(X))}dt,

then
U = [ av(DnUmy yymi(ay) ~ [ DnU(m,y) - b(y)mi(ay).

Proof :

( ’)7/d gg(mn}’)%mt(}’)dy
= /Rd S (M YH{AM(Y) + div(br(y)) }dy
T /Rd DY%(WW )+ {Dymi(y) + bi(y)}ay
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Two different approaches and a verification result

Let U : Pp(RY) — R be smooth and b : (0, T) x RY — R? be a smooth and bounded (random)
vector field. If m solves

dmy = {Amt + diV(bt(X))}dt,

then
U = [ av(DnUmy yymi(ay) ~ [ DnU(m,y) - b(y)mi(ay).

Proof :

Gutm) = [ 2 my) Smiy)dy

d ém

= [, s mniam(y) + av(by)oy

- [, D my) - (Omy) + b))y
- /Rd DmU(my, y) - {Dymi(y) + bi(y)}dy

= [, @y (OnUme. ymi(dy) ~ [ DmUmLy) - Bily)mi(a)
RY R
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Two different approaches and a verification result

The verification result

Assumption : HO = H%(xy, po, m) and H(x, xo, p, M) are strictly convex in py and p respectively.

Proposition (C.-Cirant-Porretta)

Let (U°, U) be a classical solution to the system of master equations (M). Then the pair
(&?(X()v m)7 af(xv X0, m)) = _(DPHO(X07 DUO(t7 X0, m)7 m): DPH(X7 X0, DXU(t7 X, X0, m)7 m))

is a Nash equilibrium of the game (in the sense of Carmon and al.).
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Two different approaches and a verification result

@ Let o be a competitor strategy for the major player and (X;, m;) solve

aim; = {Am, + div(mae(x, XIO, m[))} at,

{ aX? = a9(X0, my)dt + v2dBY
My = Ko, X(()) :Xg.

with &;(x, xo, m) := —DpH(xX, Xo, DxU(t, X, Xo, m), m).
@ Then

aul(t, XP, my) = {atuo 4+ Dy U° - &0 + 2y U + /Rd divy (DmU°(t, XP, my, y))my(dy)

- /Rd DmUO(t7 Xtoa mf7y) : DPH(y7 XP? DXU(ta .yv X[07 mf)v mf)mf(dy)}dt

+ V2D, U - dBY,

where U0 is evaluated at (¢, XP, m;).
@ Recall that U° satisfies (M).
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Two different approaches and a verification result

@ Since U° satisfies (M), we have
E [GO(XO, mr)] =E [UO(T, X9, mT)]
= U(0, X0, o) + /OT E [on U - 00 + HO(XD, Dy, UO(1, X0, my), mt)] ot
> U(0, %, o) - /O e L0, a0t X0, i), my)] et
@ with an equality if
a®(t, X2, my) = —DpHO(t, X2, D, U(t, X2, my), my) = &°(t, X2, my),

in which case m = m.
@ This shows that

;
S(a® (my)) = E { / LOX, af (8, X2, my), me)dt + GO(X, mr)
0
> U(0, o, o) = J°(& ()
and proves the optimality of a°.
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The limit of the N—player game

The N—player game with a major player

@ N-small players, 1 major player,
@ Players play in feedback strategy : o/ = a}(xo, . . ., Xn)

@ Goal of the players : to minimize
@ for the small players :

. T ,
J'(ao,...,aN)_EV L(XE, XD, ad(Xe), my )dt+G(xT,X$, N')},
0
@ for the major player :

;

S0, ,aN)=E / LOXP, aQ(Xe), my)at + GO(XP, mY )|,
0

where dX’ = ai(t, Xt)dt+de", Xe= (X% ...,xN),

my *N T2 g Z‘Sx,

/¢{0 i} /#0
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The limit of the N—player game

(Classical) verification

Let (uN:0, uN-1, ... uN:N) solve the Nash system (N) :

N
() =00 =" Ay 4 HO(xg, Dxy ™0, mf)
j=0

N
N,0 Nyj mNojy
+ZDX/.U - DpH(X}, xo, Dy U Jomy?) =0,

=1
N
(i) —opu — 37 A M+ H(x;, Xo, Dy, !
j=0
N,i 0 N,O N N,i . N.j mNJy —
+Dxyu™" - DoH (Xo, Dxyu™ ", my') + E Dy, u™" - DpH(X}, X0, Dxu /omy’) =0,

J#i, =1 _
(i) uNO(T,x) = GO(xg, mY), UN(T,x) = G(x;, X0, my"").
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(i) uNO(T,x) = GO(xg, mY), UN(T,x) = G(x;, X0, my"").
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The limit of the N—player game

(Classical) verification

Let (uN:0, uN-1, ... uN:N) solve the Nash system (N) :

N
() =00 =" Ay 4 HO(xg, Dxy ™0, mf)
j=0

N
N,0 Nyj mNojy
+ZDX/.U - DpH(X}, xo, Dy U Jomy?) =0,

=1
N
(i) —opu — 37 A M+ H(x;, Xo, Dy, !
j=0
N,i 0 N,O N N,i . N.j mNJy —
+Dxyu™" - DoH (Xo, Dxyu™ ", my') + E Dy, u™" - DpH(X}, X0, Dxu /omy’) =0,

J#i, =1 _
(i) uNO(T,x) = GO(xg, mY), UN(T,x) = G(x;, X0, my"").

and let a® = —DpH(xg, DxyuN-O(t,x), mY), &' := —DpH(x;, X0, DuMN:i(t,x), my"").

Then (a% &', ...,aN) is a Nash equilibrium for the N—player game.
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The limit of the N—player game

The convergence result

Assumption : H° and H are globally Lipschitz continuous.

Theorem (C.-Cirant-Porretta)

Let (uN-) be a classical solution to the Nash system (N) and (U°, U) be a classical solution to
the system (M) of master equations (with bounded derivatives). There is a constant C > 0 such
that

UN’O(tv X) - Uo(t7 X0, m)l(v)

+ sup ’uN’[(t,x) U(txxo,m
' N

i=1,...,

N
1
< CN— 1 — ;
<+N§|x,),

where
N

m)l(vf lNZ(SXi, = Z (5)(]
i=1

= I¢{0 i}

The constant C is independent of N, x € R% x (R%)N and ¢ € [0, T].
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The limit of the N—player game

Feature of proof

@ Close to the ones in C.-Delarue-Lasry-Lions and Carmona-Delarue

@ Classical difficulties :

@ no estimates,
@ relies on the smoothness of the solution (U, U) and on the uniformity of the noise,

@ New difficulty : asymmetry of the players.
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The limit of the N—player game

Conclusion

New results :
@ A single notion of Nash equilibrium in closed loop form for MFG with a major player,

@ New construction of the master equations
(for MFG with common noise and for MFG with a major player),

@ “Should be easily" extendable to

@ problems with several major players,
@ problems with a major player and a common noise.

Open questions :
@ Structure (monotonicity ?) for long time existence of classical solution to (M),

@ Notion of discontinuous solution for (M).
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The limit of the N—player game

Conclusion

New results :
@ A single notion of Nash equilibrium in closed loop form for MFG with a major player,

@ New construction of the master equations
(for MFG with common noise and for MFG with a major player),

@ “Should be easily" extendable to

@ problems with several major players,
@ problems with a major player and a common noise.

Open questions :
@ Structure (monotonicity ?) for long time existence of classical solution to (M),

@ Notion of discontinuous solution for (M).

Thank you'!
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